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Coupling of bilinears of gauginos on D-branes to anti-symmetric tensor fields can be de- 
duced by comparing F-theory compactified to 8 dimensions with the heterotic string on 
R 8 x T 2 . Application to SUSY breaking in F-theory triggered by gaugino condensation is 
discussed. Compactification to four dimensions with a warp factor is briefly discussed. In 
this case some 3-branes whose world-volume coincides with the open spacetime must be 
introduced, in addition to 7-branes. 
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Vafa's F-theory [|T| provides an elegant way to do string compactifications ||. 
Geometrically, a compactification is realized by an elliptically fibered Calabi-Yau space. 
The sum of dimension of the base space and that of the noncompact spacetime is 10. 
Together with the hidden torus, the total dimension is 12. When the torus is degenerate, 
one finds a collection of coincident 7-branes. It is possible that the theory can be formulated 
in 12 dimensions M [ffl M. For discussions on other aspects of the theory, see 1 | | 



IyH [f§ [0. In its original formulation, the compact space is an elliptically fibered K3 
with base space S 2 0. It was conjectured to be dual of the heterotic string compactified 
on R 8 x T 2 . On the F-theory side, 24 D7-branes are required. At a generic point of the 
moduli space, all 24 7-branes are separated. Naively, one expects a gauge group £7(1) 24 , 
contradicting the fact that the rank of the gauge group of 8 dimensional heterotic string 
is 20. Indeed, some linear combinations of abelian gauge fields on 7-branes are Higgsized 
fl~0[1 , as a result of couplings between closed string fields and D-brane fields. In this paper, 
we point out that as a result of duality between F-theory and heterotic string, some 
gaugino bilinears are coupled to R-R anti-symmetric tensor fields. These couplings can be 
computed in principle as mixed amplitudes of brane fields and closed string fields on a disk. 
By T-duality, one deduces similar couplings on D-branes other than 7-branes. The most 
interesting application of these couplings is supersymmetry breaking triggered by gaugino 



condensation, much as what happens in heterotic string in 4 dimensions 

We start with a comparison between the low energy effective action of 8 dimensional 
heterotic string and lib string compactified on S 2 . Let the area of this S 2 measured in 10D 
Einstein metric be V(S 2 ). The relation between the 8D heterotic string coupling constant 
As and V(S 2 ) is As = V(S 2 ), as pointed out in |T3] where no derivation was given (see 



also 0). Here we give a simple derivation of this relation. Let Gs denote the 8D Einstein 
metric, and Gio the 10D lib Einstein metric. By comparing the 10D Einstein action to 
the 8D Einstein action, one deduces 

Gio = [ViS 2 )}- 1 /^. 

It is easy to see that the gauge field action on the heterotic side, written in terms of 8D 
Einstein metric, is 

"d 8 x^\- 2/S F 2 . (1) 
Interpreted as gauge field on a 7-brane, the action is 

(fxJg~ s \~ l F 2 = / (fxJg^F 2 , 
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where G s is the 10D lib string metric, and A the 10D lib string coupling constant. On the 
L.H.S. of the above equation, F 2 is constructed using G s , and the same quantity on the 
R.H.S. is constructed using G\q. Finally, using G\q = [y(5 ,2 )] _1 / 3 G , 8, one finds 



J d 8 x^T F 2 = J d 8 x^S[V(S 2 )}- 2 / s F 



This compared with ([!]) tells us that As = V(S 2 ). So the relation between the 10D lib 
Einstein metric and 8D Einstein metric can be written as 

Gio = A 8 1/ ' 3 G ! 8- (2) 

This relation will be relevant in our derivation of coupling of gaugino bilinears on a 7-brane 
to antisymmetric tensor fields. 

Now we are ready to derive the coupling of the bilinears of gauginos on a 7-brane and 
R-R tensor fields. First, let xs be a gaugino in the heterotic string with standard kinetic 
term 1/2 J d s x^fg%X8l^diiX8- The low energy action of 8D Af = 1 supergravity coupled to 
vector multiplets was discussed in fTJ[]. In particular, there is a coupling between X8l^ up X8 



and H^p, the strength of the standard antisymmetric tensor field: 

~ J d 8 x^xf /3 H^ pX al^ p X8, (3) 



where we have used the fact that the scalar field a in the first reference of [TJ] has a relation 

to As as e a = A 8 2//3 . 

(2") 

On the F-theory side, there is no zero mode from B^ u and C^J , as a result of the 
nontrivial SL(2, Z) bundle over S 2 |l]] [p!D| . However, in the lib theory there is a rank 4 
R-R tensor field C (4) . Since it is SL(2, Z) singlet, it has a zero mode. When restricted to 
-R 8 , one obtains a rank 4 tensor field, still denoted by and a rank 2 tensor field which 
is dual to C^ 4 ) in 8 dimensions. Apparently, it is the dual of that corresponds to B, 
the standard rank 2 tensor field in the heterotic string. If the conjectured duality holds, 
then the coupling @ tells us that there ought to be a coupling between the field strength of 

and the bilinear of the gaugino. Naturally, we would like to cast the coupling in terms 
of the original 10D lib Einstein frame. Let x be the gaugino on a 7-brane, normalized 
against the lib Einstein frame. Let x'' 3 '* = Xl^pXdx^ A dx v A dx p , where the gamma 
matrices are also defined in term of the lib Einstein frame. We shall now show that there 
is the coupling 



24 x 5! 



^ /# (5) AX (3) , (4) 
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on the 7-brane. 

All we have to do is to obtain the relation between H and with the correct 



normalization. To do this, recall from [[13] that the Einstein equation in 8D when H is not 
zero can be written schematically as 

R»* = A 8 " 4/3 (g^H 2 + H pXfl HP\) , (5) 

where everything is written in terms of the 8D Einstein metric. The Einstein equation 
when nonvanishing was written down in [13]. Also schematically, it is 



D rr(5) rr(5)/xi.../x 4 

11 >HV 11 fj,fj, 1 ...fj,4 ±J -v ) 

where everything is written in terms of the 10D lib Einstein metric. Given the relation 
(§, this is 

D \ 4 /3t7-(5) r7-(5)Mi..-M4 

when written in 8 dimensions using the 8D Einstein metric. Note that the Ricci tensor 

is scale invariant. Compared with the above equation indicates that the correction 

relation between and H is 

#(5) = A - 4/3 *H, (6) 

where the dual is defined against the 8D Einstein metric. To finally derive (f|), we need 
the relation between xs an d X- Using (|j) it is easy to see that xs = A 8 ? ^ 12 X- Substituting 
this relation and (|6|) into (^j one derives (||). Despite all strange powers of As, the final 
result is independent of this 8D heterotic string coupling constant. 

The coupling (|j) , derived from duality between F-theory and 8D heterotic string, can 
be computed by the standard string technique. In order to see that this is indeed possible, 
we want to recast the coupling in terms of the 10D lib string metric. H ^ remains the same. 
Again let A be the lib string coupling constant in 10 dimensions. The relation between 
the 10D Einstein metric and the 10D lib string metric, G s , is G\q = X~ 1 ^ 2 G S . And the 
relation between x an d X S5 normalized against the string metric, is x = A 7 / 8 x s . Let x^ 
be the corresponding bilinear defined in string metric. So there is relation x^ = ■ 
Thus, the coupling (ffl) becomes 



24 x 5! 



L_ [XH^AX^. (7) 



The weight A is expected, as the corresponding amplitude is a disk amplitude with inser- 
tion of a R-R closed string vertex operator and two open string vertex operators on the 
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boundary. (For a standard propagator, each fermion vertex operator carries a weig ht V% 
the R-R vertex operator carries a weight A, and the disk contributes a weight A -1 .) It is 
gratifying that the coupling, which we have derived via a convoluted route of argument, 
agrees with standard string calculation. This certainly lends another piece of evidence for 
duality between F-theory and heterotic string. 

Before turning to discussion of other similar couplings, it may be useful to point out 
that, according to |[14|| , is not simply 5dC^- 4 \ Since under gauge transformation, say, 
5C^ — de : is not invariant. The correct definition of is the following |14[ 



= 5 (dC^ -^(5A dC& - A dB^J 



(8) 



where B is the NS-NS antisymmetric tensor field. Apparently, this definition is invariant 
under SL(2, IS), k 2 is the 10D Newton constant as defined in |TJ]. We have also changed 
notations of 1131 to conform with more conventional notations. 



On a 7-brane, naturally one wonders whether couplings J Ax' 5 -* and J Ax'' 1 '' 
also exist. The following simple argument quickly rules out the first coupling. For a 7- 
brane defined as a D-brane on which a (l,0)-string ends, is not invariant under the 
monodromy created by presence of the 7-brane. After following the loop encircling the 7- 
brane in the transverse space, 

(7(2) _> (7(2) _ Bj so H (3) _^ H (3) _ H and the first COU pli n g 

is not defined canonically. This argument does not rule out the second coupling. is 
the field strength of which is dual to C^ 2 \ Under the monodromy, C*- 6 ** is invariant 
while B^ is not. Note that the coupling J Ax' 1 ' is not forbidden by duality between 
F-theory and the heterotic string in 8 dimensions. When restricted on the world- volume 
of the 7-brane, can be written as dual of d^cff. Now C^' does not have a zero 

mode on S 2 , thus this coupling does not give rise to a coupling to a massless bosonic field 
in 8 dimensions. Despite all this, we believe that this coupling does not exist. A simple 
argument is that when written against the 10D Einstein metric, one would obtain a strange 
weight \/A for the coupling. An explicit calculation is necessary to assure this claim. 

Similar couplings on other Dp-branes can be deduced from (|j) using T-duality. Con- 
sider, for example, a 6-brane in the Ha theory. A 6-brane can be obtained by wrapping a 
7-brane on a circle S 1 and T-dualizing on this circle. Coupling (^J) reduces to the couplings 

J H^A X i3) + J # (5) A X (2) , (9) 

where is simply the original restricted in noncompact spacetime i? 9 , and 
is its dual in 9 dimensions. Interpreted in the Ha theory, is the field strength of 
The first coupling in (||) is lifted to 10 noncompact spacetime as 

i^)A X (3) , (10) 
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while the second coupling, when lifted to 10 noncompact dimensions, is 

d 7 xHl%x~f k ^ X e ljk , (11) 

where i, j, k are indices tangent to the 3 transverse dimensions. Similar couplings on lower 
dimensional D-branes can be obtained in a similar way. 

We now turn to a discussion of gluino condensation. When compactified on an elliptic 
Calabi-Yau space, enhanced gauge symmetry is obtained when several 7-branes coincide. 
Exactly what gauge group occurs is determined by the type of singularity || @. The 
coupling (HI) certainly generalizes to 



24 x 5! 



^— / Atr X (3) , (12) 



for a non-abelian gauge group. Again this is similar to what happens in the heterotic 
string. Now, one might think that further discussion of gluino condensation and SUSY 
breaking triggered is redundant, since it may be exactly parallel to that of ||11|| . This is 



not the case in F-theory. The reason is simply that the original discussion of [JTJ depends 
on Calabi-Yau threefold compactification. While to obtain a Af = 1 4D string theory, the 
F-theory is going to be compactified on a Calabi-Yau fourfold. The base space of this 
fourfold has 3 complex dimensions, but is not a Calabi-Yau threefold itself. Furthermore, 
the singular locus which 7-branes wrap around in general has different geometric features 
than those of a Calabi-Yau threefold. 

When F-theory is compactified on a Calabi-Yau (n + l)-fold, the unbroken supersym- 
metry is believed to be M = 1 supersymmetry in 10 — 2n dimensions. Although there is no 
doubt that this must be true, local geometric conditions for unbroken SUSY has not been 
stated explicitly in the existing literature. Consider the simplest case when the Calabi-Yau 
is K3. This is a lib theory compactified on S 2 . Existence of 7-branes induces a metric [15| 
as well as an auxiliary U(l) gauge field [1^] on S 2 . The supersymmetry parameter in the 



lib theory has a charge 1/2 with respect to the U(l) gauge field. For a 7-brane, the spin 



connection is exactly equal to the auxiliary U(l) connection ||16|| . So for a 2d chiral spinor, 
there exists a covariantly constant spinor. This spinor is actually constant and gives rise 
to the 8D M = 1 supersymmetry. For a general Calabi-Yau (n + l)-fold, the base space 
B is a dimension n complex manifold. Now the field strength of the auxiliary U(l) gauge 
field has only nonvanishing components F^, where we use complex coordinates z % on the 



base space. This is easily seen using definition of the U(l) gauge field in |I3J] and the 
fact that the complex coupling r is a holomorphic function on the base space. Existence 
of a single covariantly constant spinor on the base space then implies that R^e = F^e 
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and Rije = Rjje = 0. The second condition is met when the base space is Kahler. For a 
Kahler manifold, the holonomy group is U(n). The first condition implies that the n x n 
Hermitian matrix has exactly one eigenvalue equal to Ffj. Note that we have assumed 
that e has a positive chirality, and so is in the fundamental representation of the holonomy 
group U(n). 

In addition to the above condition, there is a further condition for the unbroken SUSY. 



This comes from SUSY transformation of the dilatino |14 

SX = i M p M t* +■■■ 

where the dots denote terms associated to field strengths of antisymmetric tensor fields B 
and C^. These are vanishing upon compactification; pm is a current constructed from 
r. For our purpose, it is enough to know that pm ~ QmT- Since r is holomorphic, so 
SX ~ 7*pie*, where 7* are gamma matrices in holomorphic tangent directions. If 7V* = 0, 
or 7V = 0, then SX = is satisfied. Using this we find that R^e = R^ lk g x j,e. Then the 
condition derived in the previous paragraph says that the Ricci tensor of the base space is 
equal to Ffj. This is not very strong condition, given that 7V = 0. Concrete cases where 
r is a constant have been discussed recently JHJ JT?|, where it is find that the base space 



is always a flat orbifold of torus. This certainly conforms with the condition presented 
above. The condition 7V = ji€ = can be rephrased as stating that e is the ground state, 
if ji are regarded as annihilation operators and ji as creation operators. 

There may be solutions other than 7^ = 0, this can be seen by observing 8X = PiY e * 
using a Fock basis for e*. However, when the Ricci tensor is equal to F^, ours is certainly 
a solution, and there must be no other solutions, otherwise the unbroken SUSY is larger 
than Af = 1. For the rest of this paper, we shall assume Rq = Fg. We do not know 
whether our condition is sufficiently generic. Further exploration of this issue will involve 
detailed study of elliptic fibrations. 

In the rest of this paper, we assume a compactification on a Calabi-Yau fourfold in 
which enhanced gauge symmetry occurs. Mathematically, there is a four dimensional sub- 
manifold of the base space on which the fiber tori degenerate. Physically, this sub-manifold 
is part of 7-brane world-volume. The effective field theory in the remaining four noncom- 
pact dimensions is a M = 1 Super Yang-Mills theory. Typically, gluino condensation will 
occur, and we want to know whether SUSY is broken as a result of the condensation. The 
simplest signal is the appearance of a goldstino. The original dilatino can not be part of 
the goldstino. This is because, on the one hand, it is most likely that zero modes of dilatino 
are paired with some linear combinations of gauginos and gain mass, as what actually hap- 



pens in 8 dimensions [1C]. On the other hand, the SUSY transformation SX, as mentioned 
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before, contains terms depending on field strengths of rank 2 anti-symmetric tensor fields. 
The super covariant version of these field strengths contain only bilinear of gravitino, and 



bilinear mixing gravitino and dilatino Aside from gauginos themselves, one candidate 
for goldstino is the new dilatino which must be a linear combination of gauginos. Since 
the SUSY transformation of this dilatino has not been worked out, we will take a look at 



the gravitino, whose SUSY transformation is |14| 



fy M = D,e + ^ Ml --- M5 lMeH ( £l.M B + • • • > (13) 
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where is the supercovariant version of Now we argue that should con- 

tain a bilinear in gluinos. First, the original supercovariant was derived only for the 
lib supergravity, in which no D-brane fields exist. It has a term — j^X'Jm 1 ...m 5 A- When 
7-branes are present, A ceases to be massless, and the new 8 dimensional dilatino must 



come as a linear combination of gauginos [jTOj. On a general ground, not only one expects 



the presence of bilinear of the new dilatino, one also expects bilinear of all other gaugi- 
nos. So we deduce that contains a term tr X7 Ml ... M5 X) where indices ^ are tangent 
to 7-brane world- volume. This term is in perfect harmony with the coupling (|4|), since 
supersymmetrization of @ eventually will force us to modify to include this bilinear. 
We shall denote this bilinear simply by x^. 

On the world- volume of 7-branes, 1S dual to x^ • If gluino condensation happens 
in such a way that has a component only in the compact part of the world-volume, 
then coupling (||) and 7^ indicate that SUSY is broken. Obviously SipM ~ 7m75, 
where 75 is the product of four gamma matrices 7^, so the "diagonal part" 7mV'm must 
be part of the goldstino. 

To understand this issue clearly, first we need to see how the massless gluinos in 
4 dimensions arise upon compactification. Apparently, the gluinos are coupled to spin 
connection on the 4D sub-manifold S which 7-branes wrap around. The spin connection is 
the one induced from that of the base space B which has three complex dimensions. This 
can not be the whole story, as we have seen that generically B is not Ricci flat so E is not 
Ricci flat either. As a consequence a gaugino can not have a zero mode if it is coupled only 
to the spin connection. It must be that gauginos are topologically twisted, as suggested 
HI. The fact that £ is a singular locus of the elliptic fibration on B implies that £ is 



in 



a holomorphic cycle. The usual criterion of supersymmetric cycle [^U| is satisfied. To see 
this, let us write down the condition for a four circle 



(l ± i/i-VV 1 -"^^ . . . <9 Q4 X™ 4 7mi ... m4 ) e = 0, 



(14) 
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where we used X m as the real coordinates of B and y a as real coordinates of E, 
h = det(h a p) and h a p is the induced metric on E. Assuming that B is Kahler, so as 
a holomorphic sub-manifold E is also Kahler. Switch to complex coordinates, and use the 
fact that e is annihilated by "holomorphic" gamma matrices 7$ , it is straightforward to see 
that the above condition is satisfied for the minus sign. 

Thus, the gaugino zero mode must be certain reduction of e to a spinor on E. Let 
7 a a = 1,2 denote the "holomorphic" gamma matrices on E, and let the reduction be ijj. 
Apparently, for an elliptic fibration when 7^ = 0, then 7^ = 0. ip can be assigned with 
a definite chirality on E. It is easy to see that the bilinear x^ vanishes, if one plugs ijj 
directly into it. This is not surprising, since x*- 3 ** is defined for a pseudo-Majorana fermion 
in 8 dimensions. Such a pseudo-Majorana spinor, being a zero mode of the twisted Dirac 
operator, can in general give rise to a nonvanishing x^ with components x + labcX an d 
X + 1abcX- Dualizing against rank 4 antisymmetric tensor in 4 Euclidean space, equivalently 
these components can be written as two vectors f a and f a , and f a is complex conjugate 

of r. 

Note that, although both in the F-theory context and in the heterotic string, it takes 
bilinear x^ to trigger SUSY breaking, the details are quite different. In the heterotic 
string, x^ nas only purely holomorphic component and purely anti-holomorphic compo- 
nent, both are covariantly constant as guaranteed by Calabi-Yau threefold. In F-theory, 
^( 3 ) lives on the four dimensional locus E, so it must have components of mixed type. 

If x is covariantly invariant, one may derive strong constraints on geometry of E. 
Equivalently, one requires f a as well as f a be covariantly invariant. For a induced Kahler 
metric, it is easy to see that this implies that f a is holomorphic, and f a anti-holomorphic. 
Note that the original quantity x^ can be written directly in terms of these vectors. For 
example, Xl^.-.^aX ~ e m ...Hi9abf h - I n the above discussion, we have ignored a factor 
proportional to condensate of the gluinos in 4D noncompact spacetime. 

We have shown that indeed gluino condensation triggers SUSY breaking. This must 
be the case, given that sometimes F-theory compactified on a Calabi-Yau fourfold is dual to 
the heterotic string compactified on a Calabi-Yau threefold. This happens when the base 
space B is rationally ruled, that is, it is a holomorphic fibration on another base space 
B' with fiber S 2 0. Although technically the details are quite different, we do expect 
discussions concerning SUSY breaking in the heterotic string []11| have parallel here, for 
example, the cosmological constant remains vanishing. 

In the heterotic compactification, it is possible to consider a nonvanishing torsion 



with a nontrivial warp factor (£T|. A similar situation was recently discussed in [p2| for 
M-theory compactified on an eight-manifold. We now show that compactification with a 
warp factor is also possible for the lib theory 0. Here in addition to fibration function r , 



We would like to thank Andy Strominger for bringing up the issue of the warp factor. 
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a nonvanishing is necessary. A nonvanishirig may be caused by the existence of 
D3-branes transverse to the compact six-manifold. When some D3-branes are introduced, 
their charge is assumed to be cancelled by that caused by curved geometry, for instance 
the orbifold points. Let G be the original 10D lib metric, and let the compactification 
is such that G = exp(2a)G, where a is a function on the base space B. The covariant 
derivative becomes 

D M e = (D M + ~1 M N d N cr)e 1 

where the gamma matrices are defined against metric G. Of course Dm contains the 
auxiliary £7(1) connection. The SUSY transformation flT3]) now becomes 



6^ M = D M e + \ lM N d N ae - ^e^" 1 '"^^..*.. (15) 



To preserve the 4D Minkowski spacetime, D^e = 0. Then Sif)^ = demands a 

(5) 

nonvanishing Hml...m 5 with indices mi tangent to B. Define 

H m = -1/2 m,...m 5 m J j(5) 

gj» mi...m5' 

(^5j) can be re-written as 

S^ M = D M e + ~7m m d m ae - \e~^ H m lrn % lM e, (16) 

where we have used the self-duality of and 75 = Z7° 123 . Taking M = \x in fll^D, we 

find 

1 m (d m a-e- 4 °H rn %)e = : 

which is satisfied if 

(d m a - e- 4 °H m %)e = 0. (17) 
Taking M = m in ([16]) and substituting ( |TTD into it, one finds 

3 

D m e = (D m - 2d m a + -J m j n d n (r)e = 0. (18) 

Again, in order to satisfy 5\ = 0, we assume that B is a complex manifold and use z l as 
its complex coordinates, so that 7^e = 0. Written in term of the complex coordinates, the 
covariant derivatives D m are 



Di = Di+ di<r, 

3, „ _ (19) 
2^ Tji 



Dz = D- + -g ll Tl Aa - 2^a, 
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where we have used the fact that 7^ = 0. 

The integrability condition [Di,Dj]e = yields Rij€ = 0. And the integrability 
condition [Dj, Dj]e = yields 



Rl] + \{9 %l TfiD-Aa - g^D-jdia) ) < = 0. (20) 



An immediate consequence of this equation is that B can not be Kahler. If it were, then 
Rja = 0, and we would have the condition, after carefully analyzing the above equation, 

g^Djdia = ^g lT Djdi<T, 

which can not hold, as can be seen by taking the trace over So, in order to satisfy 
(p0"D, R-j lk can not be vanishing. Finally, the integrability condition [£\, Dj]e = says 



Ri] - Ffj + -d t {g kl T fid k a) - Sd.dja ) e = 0. (21) 



3 
— < 

2 

It should be possible to choose a metric and a to satisfy both ( p0|) and (|21|) . We shall leave 
a detailed analysis of these equations, and possible gluino condensation on both 7-branes 
and 3-branes to the future. 

Gluino condensation is a phenomenon of low energy field theory. It would be in- 
teresting to explore interconnections between gluino condensation discussed herein and 
genuinely stringy mechanism, such as D-instanton generated superpotential discussed in 

One might argue that the two are completely different phenomena. However, as ob- 
served in the second reference of jl7|] and |[23| . closed string nonperturbative backgrounds 



can be probed by field theory effects of D-branes, it is then possible that sometimes stringy 
effects and field theory effects are one and the same thing. 
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